Abstract: Let A(G) be the adjacency matrix of graph G with eigenvalues λ 1 (G), λ 2 (G), . . . , λ n (G) in nonincreasing order. The number
Introduction
All graphs considered here are finite, simple and connected. Undefined terminology and notation may be referred to [1] . Let G = (V G , E G ) be a simple undirected graph with n vertices. G − v, G − uv denote the graph obtained from G by deleting vertex v ∈ V G , or edge uv ∈ E G , respectively (this notation is naturally extended if more than one vertex or edge is deleted). Similarly, G + uv is obtained from G by adding an edge uv ∈ E G . For v ∈ V G , let N G (v) (or N (v) for short) denote the set of all the adjacent vertices of v in G and d G (v) = |N G (v)|. A leaf of a graph is a vertex of degree one.
Let A(G) be the adjacency matrix of a graph G with λ 1 (G), λ 2 (G), . . . , λ n (G) being its eigenvalues in nonincreasing order. The number n i=1 λ k i (G) (k = 0, 1, . . . , n − 1) is called the kth spectral moment of G, denoted by S k (G). Let S(G) = (S 0 (G), S 1 (G), . . . , S n−1 (G)) be the sequence of spectral moments of G. For two graphs G 1 , G 2 , we shall write G 1 = s G 2 if S i (G 1 ) = S i (G 2 ) for i = 0, 1, . . . , n − 1. Similarly, we have G 1 s G 2 (G 1 comes before G 2 in an S-order) if for some k (1 k n − 1), we have S i (G 1 ) = S i (G 2 ) (i = 0, 1, . . . , k − 1) and S k (G 1 ) < S k (G 2 ). We shall also write G 1 s G 2 if G 1 ≺ s G 2 or G 1 = s G 2 . S-order has been used in producing graph catalogs (see [5] ), and for a more general setting of spectral moments one may be referred to [4] .
Investigation on S-order of graphs attracts more and more researchers' attention. Cvetković and Rowlinson [6] studied the S-order of trees and unicyclic graphs and characterized the first and the last graphs, in an S-order, of all trees and all unicyclic graph with given girth, respectively. Chen, Liu and Liu [2] studied the lexicographic ordering by spectral moments (S-order) of unicyclic graph with a given girth. Wu and Fan [12] determined the first and the last graphs, in an S-order, of all unicyclic graphs and bicyclic graphs, respectively. Pan et al. [11] gave the first
⌋ − k + 1) graphs apart from an n-vertex path, in an S-order, of all trees with n vertices. Wu and Liu [13] Characterize the last (first) graph in an S-order among all graphs G in G π .
In this paper, we only consider a special case for the above problem, i.e., for a given degree sequence of some tree. The main result of this paper is as follows: Theorem 1.2. For a given degree sequence π of some n-vertex tree, let T π = {T | T is an n-vertex tree with π as its degree sequence}.
Then T * (see in Section 2) is a unique last tree in an S-order, among T π .
The rest of the paper is organized as follow. In Section 2, some notations and preliminary results are presented.
In Section 3, we present the proof of Theorem 1.2 and some corollaries.
Preliminary
Throughout we denote by P n , K 1,n−1 the path, star on n vertices, respectively. Let B 5 be a tree obtained from P 3 by attaching two pendant vertices to one of its end vertices; it is easy to see that the degree sequence of B 5 is (3, 2, 1, 1, 1).
Lemma 2.1 ([10]
). The kth spectral moment of G is equal to the number of closed walks of length k.
Let F be a graph. An F -subgraph of G is a subgraph of G which is isomorphic to the graph F. Let φ G (F ) (or φ(F ) for short) be the number of all F -subgraphs of G. Lemma 2.2. For every graph G, we have (i) S 4 (G) = 2φ(P 2 ) + 4φ(P 3 ) + 8φ(C 4 ) (see [13] );
(ii) S 5 (G) = 30φ(C 3 ) + 10φ(U 4 ) + 10φ(C 5 ) (see [4] ).
Since all the graphs we considered are trees, note that S i (T 1 ) = S i (T 2 ) for i = 0, 1, 2, 3, 4, 5, 7 where T 1 , T 2 ∈ T π . Moreover, by Lemma 1.1 we can get
For a given non-increasing degree sequence π = (d 0 , d 1 , . . . , d n−1 ) of a tree with n 3, we use breadth-first search method to define a special tree T * with degree sequence π as follows (see also [14] ). Assume that d m > 1 
− q and select s p+1 vertices {v p+1,1 , . . . , v p+1,sp+1 } in layer p + 1 such that v p+1,i is adjacent to v pr for 1 r q and
In this way, we obtain a tree T * . It is easy to see that T * is of order n with degree sequence π. 
For a graph with a root v 0 , we call the distance the height h(v) = dist(v, v 0 ) of a vertex v. Definition 1. Let T = (V, E) be a tree with root v 0 . A well-ordering ≺ of the vertices is called breadth-first search ordering with non-increasing degrees (BF S-ordering for short) if the following holds for all vertices u, v ∈ V :
We call trees that have a BFS-ordering of its vertices a BFS-tree. All trees have an ordering which satisfy the conditions (1) and (3) by using breadth-first search, but not all trees have a BFS-ordering. For example, the tree T (see Fig. 1 ) of order 18 has not a BF S-ordering with degree sequence π = (4, 4, 4, 3, 3, 3, 2, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1) . In fact, Zhang obtained the following result in 2008.
Proposition 1 ([14]
). For a given degree sequence π of some tree, there exists a unique tree T * with degree sequence π having a BF S-ordering. Moreover, any two trees with the same degree sequences and having BF Sordering are isomorphic.
We recall the notion of majorization.
, then the sequence π ′ is said to major the sequence π and denoted by π ⊳ π ′ . It is known that the following result holds.
and only two components of π i and π i+1 are different from 1.
Main results
In order to show Theorem 1.2, we need the following lemmas. The first lemma follows immediately by its definitions.
Lemma 3.1. For any n-vertex tree T , one has
Note that T and T ′ have the same degree sequence,
. By Lemma 2.2(i), we obtain that S 4 (T ) = S 4 (T ′ ). Combining with (2.1) and (3.1) we have
In view of the proof of Lemma 3.1, we may let σ = max{φ T (P 4 ) : T ∈ T π }. Set T ′ π := {T : T ∈ T π with φ T (P 4 ) = σ}. Hence, the last tree T * must be contained in T ′ π .
Lemma 3.3. Let T be an arbitrary tree rooted at one maximum degree vertex. Assume that u, v in
Proof. By Lemma 1.1, S i (T ) = S i (T ′ ) for i = 0, 1, 2, 3, 5, 7. Note that T and T ′ have the same degree sequence,
. By Lemma 2.2(i), we obtain that S 4 (T ) = S 4 (T ′ ). In view of (2.1) and (3.1), we have
The last equality follows from
. Hence, S 6 (T ′ ) = S 6 (T ) and
Notice that T and T ′ have the same degree sequences, in view of (3.2) we have
In view of (2.2) and (3.3)-(3.5) we have
The last inequality follows from
We are now ready to prove Theorem 1.2. and satisfy the following conditions:
. Generally, we assume that all vertices of V i are relabeled {v i1 , . . . , v i,si } for i = 1, . . . , t. Now consider all vertices in V t+1 . Since T is a tree, it is easy to see that
Hence for 1 r s t , all neighbors in V t+1 of v tr are relabeled as v t+1,dT (vt1)+···+dT (vt,r−1)−(r−1)+1 , . . . , v t+1,dT (vt1)+···+dT (vt,r )−r and satisfy the conditions:
In this way, we have relabeled all vertices of V T = p+1 i=0 V i . Therefore, we are able to define a well ordering of vertices in V T as follows:
We need to show that this well ordering is a BFS-ordering of tree T. In other words, T is isomorphic to T * .
In order to show this assertion, we first prove that the following equation holds.
for h = 0, 1, . . . , p + 1 by the induction on h.
For h = 0, clearly, (3.9) holds. Assume that (3.9) holds for h = t. We consider h = t + 1. Suppose to the contrary that d T (v t+1,i ) < d T (v t+1,j ) for 1 i < j s t+1 . Then there exist two vertices v tk and v tl with k < l in layer t such that v tk v t+1,j ∈ E T and v tl v t+1,j ∈ E T . By the induction hypothesis, we have
Here we consider the following two possible cases.
It is routine to check that T ′ ∈ T π . By Lemma 3.2, T ≺ s T ′ , a contradiction to T being the last tree among T π .
. In this case, by (3.7) we have that min{d
(3.10)
Note that there exists a unique vertex, say v t−1,r (resp.
, hence together with (3.10) we have
It is routine to check that T ′ ∈ T π . By Lemma 3.3, we have T ≺ s T ′ , a contradiction to T being the last tree among T π .
Similarly, we also show that
). Hence (3.9) holds. Therefore, we have
By (3.8), (3.11) and (3.12), it is easy to see that this well ordering satisfies the conditions (1)- (3) in Definition 2.1. Hence T has a BFS-ordering. Further, by Proposition 1, T * is isomorphic to T . So T * is the last tree, in an
Lemma 3.4. Let T = (V T , E T ) be a tree with uv i ∈ E T and wv i / ∈ E T for i = 1, 2, . . . , k. Let T ′ = (V T ′ , E T ′ ) be a new tree from T by deleting edges uv i and adding edges wv
Proof. Note that S i (T ) = S i (T ′ ) for i = 0, 1, 2, 3, by Lemma 2.2(i), we have
Hence, we have T ≺ s T ′ .
Theorem 3.5. Let π and π ′ be two different tree degree sequences with the same order. Let T * and (T ′ ) * be the last tree, in an S-order, among T π and
Proof. Note that π⊳π ′ , hence by Proposition 2, we may assume, without loss of generality, that π = (d 0 , . . . , d n−1 ) and 
as desired.
From Theorems 1.2 and 3.5, we may deduce the last graph in an S-order in some class of graphs. For example, let T 1 n,s be the set of all trees of order n with s leaves, T 2 n,∆ be the set of all trees of order n with the largest degree ∆, T 3 n,α be the set of all trees of order n with the independence number α and T 4 n,β be the set of all trees of order n with the matching number β. Corollary 3.6. A tree T 1 is the last tree, in an S-order, among T 1 n,s if and only if T 1 is a star with paths of almost the same length to each of its s leaves (in other words, let n − 1 = sq + t, 0 t < s) and T * is obtained from t paths of order q + 2 and s − t paths of order q + 1 by identifying one end of the s paths).
Proof. Let T be any tree in T 
and there exist integers r and 0 q < ∆ − 1 such that Proof. For any tree T of order n with the independence number α, let I be an independent set of T with the independence number α and π = (d 0 , . . . , d n−1 ) be the non-increasing degree sequence of T. If there exists a pendent vertex u of degree 1 with u / ∈ I, then there exists a vertex v ∈ I with uv ∈ E T . Hence I {u}\{v} is an independent set of T with the size α. Therefore, there exists an independent set of T with α which contains all pendent vertices of T. Hence there are at most α pendent vertices. Then d n−α−1 2 and π ⊳ π * . Therefore by Theorems 1.2 and 3.5, the assertion holds. and the number n − β of 1.
Proof. For any tree T of order n with the matching number β, let π = (d 0 , . . . , d n−1 ) be the non-increasing degree sequence of T . Let M be a matching of T with the matching number β. Since T is connected, there are at least β vertices in T such that their degrees are at least two. Hence d β−1 2. Then π ⊳ π * . Therefore by Theorems 1.2 and 3.5, the assertion holds.
